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In this paper we consider the Holder continuity, local linearity, linear indepen-È
dence, and interpolation problem of the M-band scaling function, with a filter
having vanishing moments two and minimal length. In particular, we find some new
properties that are not true when M s 2, such as local linearity, local linear
dependence, differentiability at adjoint M-adic points, and interpolation problem
at integer knots. Q 1998 Academic Press
1. INTRODUCTION
Let M G 2 be a fixed positive integer. A compactly supported and
square integrable function f is called a scaling function if it satisfies
 .  .  .H f x dx s 1, H f x f x y k dx s d , and a refinement equationR R k
f x s c f Mx y k , 1 .  .  . k
kgZ
 4where c is a sequence with finite length and satisfying  c s M,k k g Z k
and d is the Kronecker symbol defined by d s 1 when k s 0 and d s 0k k k
 4when k / 0. For a sequence c with finite length, definek
1
kH z s c z . .  kM kgZ
 .Then H z is uniquely determined by the scaling function f, and con-
 .  .  .versely for an H z , there exists a unique solution of 1 with H f x dx sR
 .  .1. So we say that H z is the filter of the refinement equation 1 or the
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filter corresponding to the scaling function f. For an integer N G 1, we
 .say that H z has ¨anishing moments N if there exists a Laurent polyno-
Ä .mial H z such that
NM1 y z ÄH z s H z . .  . /M 1 y z .
For a scaling function f, let closed subspaces V , j g Z, of squarej
2  jr2  j . 4integrable function space L be spanned by M f M ? y k ; k g Z .
 4  w xThen V is a multiresolution by elementary wavelet theory see 2 , forj jg Z
.example , i.e., it satisfies the following conditions:
 .  .i V ; V for all j g Z, and f g V if and only if f M ? g Vj jq1 j jq1
for all j g Z.
 . 2  4ii D V is dense in L and F V s 0 .jg Z j jg Z j
 .   . 4iii f ?y k ; k g Z is an orthonormal basis of V for some f g V .0 0
Define the wavelet space W , j g Z, by the complement spaces of V inj j
V . Then we have the following wavelet decomposition:jq1
L2 s W s V q W .[ [j k j
jgZ jGk
The wavelet theory when M s 2 can be found in many books on
 w x w x.wavelets for example, 4 , 8 . The wavelet theory for general M G 3 is
w xalso developed early. Auscher 1 considered the construction of M-band
w xwavelets in his thesis. Welland and Lundberg 13 constructed M-band
w xwavelets with arbitrary high index of smoothness. Heller 6 and, indepen-
w xdently, Bi et al. 2 considered the design of filter with vanishing moments
w xN and finite length. Bi et al. 2 studied the asymptotic behavior of
regularity of the scaling functions with a filter having vanishing moment N
and minimal length as N tends to infinity for all M G 3. A similar problem
w xwas also considered by Heller and Wells in 7 for M s 3, 4. From the
asymptotic behavior, we get that the regularity of that class of scaling
functions is about C ln N when M is odd. It inspired Shi and the first
w xauthor 10 to construct another class of scaling functions, with a filter
having vanishing moment N and with a regularity of at least CN for some
w xpositive number C independent of N. For M s 3, Dai et al. 3 considered
local and global linear independence of solutions of the five-coefficient
 .refinement equation 1 , and found some examples of solutions of refine-
ment equations that are globally linearly independent but locally linearly
dependent. In the engineering literature, the publications on the design of
M-band linear phase filter bank by Vaidyanathan and his group are
 w ximportant contributions to the M-band wavelet theory see 11 and the
.references therein .
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Let
2 ’ ’1 q z 1 " 3 1 . 3
H z s q z . .2  /  /2 2 2
w xThen it is proved 4 that a filter G with vanishing moments two and
 .  . kminimal length can be written as G z s H z z for some integer k2
when M s 2. The scaling function f corresponding to the filter 1 q2
2 ’ ’. . w .  . . xz r2 1 q 3 r2 q 1 y 3 r2 z is a very important example of scal-
 w x. Xing function when M s 2 see 4 . The other scaling function f , with its2
2 ’ ’ . . w .  . . xfilter 1 q z r2 1 y 3 r2 q 1 q 3 r2 z , is related to f . In par-2
X  .  . w xticular, f x s f 3 y x . Daubechies and Lagarias 5 considered the2 2
w xHolder continuity of f . Pollen 9 studied the differentiability of f atÈ 2 2
dyadic points.
The scaling function f , with its corresponding filter,M
2M 2 2’ ’1 y z 1 q 2 M q 1 r3 1 y 2 M q 1 r3 .  .
H z s q z , .  /  /M y Mz 2 2
which has vanishing moments two and minimal length, is also important in
w x w xM-band wavelet theory for general M G 3. Inspired by 5 and 9 , we
consider in this paper the Holder continuity, differentiability at M-adicÈ
and adjoint M-adic points, linear independence, and the interpolation
problem of f . Throughout this paper, we find some new properties ofM
f when M G 3 that do not hold for f . In particular, f is locally linearM 2 M
on an open set with full measure and locally linearly dependent when
Ä ÄM G 3, f is differentiable at M-adic points when M s 3, and f is notM M
Ä  .   . .interpolatable at Z when M s 11, where f x s f 2 q 1r M y 1 y x .M
In this paper, we will assume that M G 3.
2. PRELIMINARY
w x w x  .From the design of filters in 6 or 2 , we see that the filter H z of a
scaling function with vanishing moments two and minimal length must be
2M1 y z
kH z s a q b z z .  . /M y Mz
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and
M 2 y 1
y1 y1a q b z a q b z s 1 q 2 y z y z , .  . .
12
 .  .where k is an integer. Therefore a s 1 " u r2 and b s 1 . u r2,
2’where u s 2 M q 1 r3 . .
Denote the scaling function with its filter,
2M1 y z 1 q u 1 y u
H z s q z , .  / /M y Mz 2 2
 .  M .by f . Then the scaling function with its filter H z s 1 y z rM
 ..2 .  . . k   . .M y Mz 1 q u r2 q 1 y u r2rz z is f ykr M y 1 q x ,M
 .  M .  ..2and the scaling function with its filter H z s 1 y z r M y Mz
 .  . . . k  .  . .1 y u r2 q 1 q u r2 z z is f 2 M q k y 1 r M y 1 y x byM
elementary computation. Hereafter we assume that the filter with vanish-
ing moments two and minimal length is
2M1 y z 1 q u 1 y u
H z s q z .  / /M y Mz 2 2
2 My1 < < < <1 1qu My kyMq1 q 1yu MykyM .  .  .  .
ks z .M 2 Mks0
2 .
Observe that u s 9 when M s 11. Hence the filter with vanishing
moments two and minimal length has rational coefficients. For M s 2,
we have not seen, to our knowledge, examples of compactly supported
 .orthonormal scaling function except the Haar scaling function such that
its filter has rational coefficients.
w  .xObviously f is supported in 0, 2 q 1r M y 1 by the refinementM
 .equation 1 . Observe that
1 q u 1 y u
ijq e F u - M .
2 2
Then f is Holder continuous, and its Holder index is at least 1 yÈ ÈM
w xln urln M by the criterion in 4 . In particular, we will show in Section 5
 . .that the Holder index of f is exactly 1 y ln 1 q u r2 rln M.È M
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3. BASIC PROPERTIES
In this section we will give some elementary properties of f .M
PROPOSITION 1. For x g R, we ha¨e
¡ f x y k s 1, .
kgZ~ 1 y u
1 q q k f x y k s x . .¢  /2 M y 1 .kgZ
 M .  ..2Proof. Recall that the filter of f has the factor 1 y z r 1 y z .M
Ã  .Then f satisfies the Strang]Fix condition of order two, i.e., f 2kp s 0M M
Ã .  .and f 9 2kp s 0 holds for all nonzero integers k, where the FourierM
Ãtransform f of an integrable function f is defined by
Ã yi xjf j s e f x dx. .  .H
R
Ã  .  .By the definition of f , we get f 0 s H f x dx s 1. Hence thereM M R M
exists a constant c such that
f x y k s 1 3 .  .
kgZ
and
c q k f x y k s x . 4 .  .  .
kgZ
 .Therefore the proof of Proposition 1 reduces to c s 1 q 1 y u r
 .2 M y 2 .
 .  .  .  . .  . From 1 ] 3 , we get f 1 s 2 M y 1 q u r2 M f 1 q 2 M yM M
. .  .  .  .3 q u r2 M f 2 and f 1 q f 2 s 1. By the above two equations,M M M
 .  .  .  .  .we have f 1 s 2 M y 3 q u r 2 M y 2 and f 2 s 1 y u rM M
 .  .  .  .  .  .2 M y 2 . Hence c s f 1 q 2f 2 s 1 q 1 y u r 2 M y 2 by 4 ,M M
and Proposition 1 follows.
w  .xRecall that f is supported in 0, 2 q 1r M y 1 . So Proposition 1 canM
be rewritten as the following result.
SUN AND ZHANG230
PROPOSITION 2. For 0 F x F 1, we ha¨e
1 y u¡
f x y f x q 2 s x y , .  .M M 2 M y 2
1 y u~f x q 1 q 2f x q 2 s yx q 1 q , .  .M M 2 M y 2
1 y u
2f x q f x q 1 s x q 1 y . .  .¢ M M 2 M y 2
PROPOSITION 3. For 0 F x F 1, we ha¨e
¡ x 1 q u
f s f x , .M M /M 2 M
x q 1 1 y u 1 q u 4 q M q 3u
f s f x q x q , .M M /M 2 M 2 M 6M
x 1 q u 1 y u
f 1 q s f 1 q x q x .M M /M 2 M 2 M
2 M y 3 q u 2 M y 1 y u .  .
q ,
4M M y 1 .~ 5 .x q 1 1 y u 1 q u 5M y 7
f 1 q s f 1 q x y x q , .M M /M 2 M 2 M 6M
x 1 q u 1 y u
f 2 q s f 2 q x y x .M M /M 2 M 2 M
1 y u 2 M y 1 y u .  .
q ,
4M M y 1 .
x q 1 1 y u
f 2 q s f 2 q x , .M M¢  /M 2 M
w  . xand for x g 1r M y 1 , 1 , we ha¨e
1 y u¡
f x s x y , .
2 M y 2~ 1 y u 6 .
f x q 1 s yx q q 1, .
2 M y 2¢f x q 2 s 0. .
 .Proof. The first and second formulas in 5 follows easily from the
 .refinement equation 1 and the third formula in Proposition 2. The other
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 .formulas in 5 follow from the first and second formulas and Proposition
w  .x2. Recall that f is supported in 0, 2 q 1r M y 1 . By the first formulaM
 .in Proposition 2, we get the first and third formulae in 6 . The second
 .formula in 6 follows from the first one and Proposition 2.
’  .From Proposition 3, f tends to a function x q 6 r6 on 0, 1 andM’  .yx q 1 y 6 r6 on 1, 2 as M tends to infinity.
 .Using the first two formulas in 5 for k times, we get
 4PROPOSITION 4. Let e g 0, 1 for all 1 F i F k. Then we ha¨ei
k e xi
f q s a e , . . . , e f x q b e , . . . , e x .  .  .M 1 k 1 ki k /M Mis1
k eiq f ,M i /Mis1
where
k e kyk e¡ js 1 j js1 j1 y u 1 q u
yka e , . . . , e s M , .1 k  /  /2 2
ykq1~b e , . . . , e s M b e .  .1 k 1
iy1 iy1 e iy1y ek js 1 j js1 j1 y u 1 q u
ykq1qM b e . i  /  /¢ 2 2is2
 .  .  .and b 0 s 0, b 1 s 1 q u r2 M.
4. LOCAL LINEARITY
We say that a function is locally linear on an open set if it is a linear
function on all of its connected components.
THEOREM 1. Let M G 3. Then there exists an open set A ; 0, 2 q 1r
 ..  .M y 1 with Lebesgue measure 2 q 1r M y 1 such that f is locallyM
linear on A.
 .  4kProof. For e , . . . , e g 0, 1 , define1 k
k ke 1 e 1i i
A e , . . . , e s q , q ; 0, 1 . .  . 1 k i kq1 i kq1 /M M y 1 M M M .is1 is1
  .  4Then any two elements of the set A e , . . . , e ; e g 0, 1 , 1 F i F k,1 k i
4k s 1, 2, . . . of intervals have empty intersection. Moreover, it is easy to
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 .   . .check that A e , . . . , e has empty intersection with 1rM M y 1 , 1rM1 k
  . .and 1r M y 1 , 1 . Define
1 1 1
A s , 1 j ,1  /  /M y 1 M M y 1 M .
`
j A e , . . . , e . .D D 1 k /kks1  .  4e , . . . , e g 0, 11 k
 .Then A ; 0, 1 , and1
k`M y 2 M y 2 M y 2 2
< <A s q q s 1.1  /M y 1 M M y 1 M M y 1 M .  . ks1
  . .Furthermore, f is a linear function on 1rM M y 1 , 1rM andM
  . .  .  .1r M y 1 , 1 by the first formula in 5 and 6 , and is a linear function
 .  4on A e , . . . , e when e g 0, 1 , 1 F i F k, since1 k i
k1 q u eikq1f x s = a e , . . . , e f M x y .  . M 1 k M i / /2 M Mis1
k ke ei ikq M = b e , . . . , e x y q f , .  1 k Mi i /  /M Mis1 is1
 .  .when x g A e , . . . , e by Proposition 4 and 6 . Then f is locally linear1 k M
on A .1
Define
1
A s A j A q 1 j A l 0, q 2 . .1 1 1  / / /M y 1
  .. < <  .Then A ; 0, 2 q 1r M y 1 and A s 2 q 1r M y 1 . Moreover, fM
is locally linear by Proposition 2.
È5. HOLDER CONTINUITY
w  .xDenote the set of all M-adic points in 0, 2 q 1r M y 1 by D , i.e.,M
k e 1i
D s x s g 0, 2 q ;M i M y 1Mis0
 4e g 0, 1, . . . , M y 1 , k s 0, 1, 2, ??? .i 5
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w  .x  .We say that x g 0, 2 q 1r M y 1 is adjoint M-adic if 2 q 1r M y 1 y
wx is M-adic. Denote the set of all adjoint M-adic points in 0, 2 q 1r
 .x X 1M y 1 by D . For D , we further decompose it as the union of DM M M
and D2 , whereM
k e 1i1D s x s l q g 0, 2 q ;M i M y 1Mis1
 4l g 0, 1, 2, e g 0, 1 , k s 1, 2, . . .i 5
and D2 s D _ D1 . Denote the set of all adjoint M-adic points of D j byM M M M
D jX , j s 1, 2. ThenM
DX s D1X j D2X .M M M
 .We define the left right local Holder index of a continuous function fÈ
at x by the supremum of all a such that
< < < < af y y f x F C y y x .  .
 .holds for all y less larger than x and a constant C independent of y,
< <  .where y y x is sufficiently small. We denote the left right local HolderÈ
 .  ..index of f by a x a x .M L R
THEOREM 2. Let M G 3. Then f is right differentiable at all points inM
D2 and DX , and not right differentiable at all points in D1 . Furthermore, theM M M
 .  . . 1right local Holder index a x is 1 y ln 1 q u r2 rln M, when x g D .È R M
Proof. First we show that f is right differentiable at any point in D2 .M M
By Proposition 2, it suffices to prove that f is right differentiable atM
k e rM i, when 2 F e F M y 1 holds for some 1 F i F k. In particular,is1 i i
 k i .we will prove that f  e rM q y is a linear function when 0 F y FM is1 i
Myky1. Let i be the minimal number such that 2 F e F M y 1. Then0 i0
k ke ei i i y10f q y y a e , . . . , e f q M y . M 1 i y1 Mi iyi q10 0 /  /M Mis1 isi0
is a linear function of y by Proposition 4. Recall that f is linear onM
  . .1r M y 1 , 1 and
k1 2 ei i y10- F q M y - 1 iy i q10M y 1 M Misi0
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yky1  k iyi0q1 i0y1 .when 0 F y F M . Then f  e rM q M y is a linearM isi i0
function of y when 0 F y F Myky1 and f is right differentiable at allM
points in D2 .M
Second, we show that f is right differentiable at all points in DX . ForM M
 . k i Xx s l q 1r M y 1 y  e rM g D , we can rewrite it as0 is1 i M
k k X1 y e 1 e 1i i
x s l q q s l9 q q , 7 . 0 i k i kM M M y 1 M M M y 1 .  .is1 is1
 4 X  4where l, l9 g 0, 1, 2 , e , e g 0, 1, . . . , M y 1 .i i
When 2 F e X F M y 1 holds for some 1 F i F k, we deduce thati
 . yky2f x q y is a linear function of y when 0 F y F M by the sameM 0
procedure as the one used to prove that f is right differential at pointsM
in D2 .M
 .Therefore it suffices to show that f x q y is a linear function of yM 0
yky2  . X  4when 0 F y F M , and e in 7 satisfies e g 0, 1 for all 1 F i F k.i i
X  .  .When e s 1 for all 1 F i F k and 0 F y F M y 2 rM y 1, f x q y isi 0
 .a linear function of y, since x s l9 q 1r M y 1 . Therefore we assume0
that eX , 1 F i F k is not identically 1. Let 1 F i F k be the maximal indexi 0
such that e X s 0. Then e X s 1 when i q 1 F i F k, andi i 00
i y1 X0 e 1i
x s l9 q q0 i i0M M M y 1 .is1
 X X .is the left endpoint of the interval l9 q A e , . . . , e . Therefore1 i y10
 . yky2f x q y is a linear function of y when 0 F y F M , by the proof ofM 0
Theorem 1. Thus f is right differentiable at all points in DX .M M
Finally, we prove that f is not right differentiable at any point in D1 .M M
Observe that the right local Holder index of f is at least one at pointsÈ M
where f is right differentiable. Therefore it suffices to prove that theM
right local Holder index of f at any point in D1 is less than 1.È M M
 .By the first formula in 5 , we get
ky11 q u 1y ln 1qu .r2.rln Mky1< < < <f x y f 0 s f M x F C x .  .  .M M M /2 M
 yk ykq1.when x g M , M , and
 . .k 1yln 1qu r2 rln M1 1 q u 1
< <f y f 0 s f 1 G C , .  .M M Mk k / /  /2 MM M
where C is a constant independent of x and k. Hence 1 y ln 1 q
. .  .u r2 r ln M - 1 is the right local Holder index of f at zero point. ByÈ M
Propositions 2 and 4, we know that the right local Holder index of f atÈ M
1any point in D is the same as the one at zero point.M
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THEOREM 3. Let M G 3. Then f is left differentiable at D2X andM M
D , and f is left differentiable at D1X when M s 3 and is not whenM M M
M G 4. Furthermore, the left local Holder index of f at D1X is 1 yÈ M M
 . .ln u y 1 r2 rln M when M G 4.
Ä Ä .   . .Proof. Let f x s f 2 q 1r M y 1 y x . Then f is also aM M M
 M .  ..2 .scaling function with a filter 1 y z r M y Mz 1 y u r2 q
Ä . . .1 q u r2 z . For f , we can establish corresponding results of Propo-M
sitions 2]4. In particular, the results of Propositions 2]4 hold when f isM
Äreplaced by f and u by yu in Propositions 2]4. Then by the procedureM
Äused in the proof of Theorem 2, we deduce that f is right differentiableM
at any point in DX and D2 , i.e., f is left differentiable at all points inM M M
D and D2X .M M
Ä Ä Ä .  .  . Observe that f 0 s 0, f 1 / 0, and f xrM s 1 yM M M
Ä. .  .u r2 M f x for 0 F x F 1. Then we getM
Ä Ä 1y ln uy1.r2.rln M< < < <f x y f 0 F C x .  .M M
when 0 F x F 1rM, and
 . .1yln uy1 r2 rln M1 1Ä Äf y f 0 G C , .M Mk k /  /M M
where C is a constant independent of x and k G 1. Then the right local
Ä  . .  .Holder index of f at zero point is 1 y ln u y 1 r2 r ln M . ObserveÈ M
Ä .that u y 1 r2 - 1 when M s 3. Hence f is right differentiable at zeroM
point and, consequently, at any point in D1 . Hence f is left differen-M M
1X  .tiable at any point in D . Also observe that u y 1 r2 ) 1 when M G 4.M
Ä 1Then f is not right differentiable at zero point and any point in D .M M
Hence f is not left differentiable at D1X , and the left local Holder indexÈM M
X1  . .of f at all points in D is 1 y ln u y 1 r2 rln M.M M
From Theorems 2 and 3, we get
COROLLARY. f is differentiable at any adjoint M-adic point when M s 3.M
` i w  .xTHEOREM 4. Write x s  e rM q l g 0, 2 q 1r M y 1 , where0 is1 i
 4  4e g 0, 1, . . . , M y 1 , l g 0, 1, 2 and e is not identically M y 1 for suf-i i
ficiently large i. Then we ha¨e
 .i If there exists an index i such that 2 F e F M y 1, then f isi M
differentiable at x .0
 .  4ii If e g 0, 1 for all i G 1, then the right and left local HolderÈi
   .  .   ..index of f at x is at least 1 y max 0, a x ln u y 1 r2 q 1 y a xM 0 0 0
 . .. .  .  l .ln u q 1 r2 rln M , where a x s lim inf  e rl.0 k ª` l G k is1 i
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Proof. At first we prove the first part. In particular we will prove that
 .f x q y is a linear function of y when y is sufficiently small. ByM 0
 4Propositions 2 and 3, we can assume that l s 0, e g 0, 1 without loss of1
generality. Let i G 2 be the minimal index such that e G 2. Rewrite x0 i 00
as
i y10 e x9i
x s q0 i i y10M Mis1
 .with 1r M y 1 - x9 - 1. By Proposition 4, we deduce that
f x q y y a e , . . . , e f x9 q M i0y1 y .  .  .M 0 1 i y1 M0
is a linear function of y when 0 - x9 q M i0y1 y - 1. Let y be chosen
small enough that
1 2
i y1 i y10 0- q M y - x9 q M y - 1.
M y 1 M
 .  .Then f x q y is a linear function of y when 1r M y 1 - x9 qM 0
i0y1   . .M y - 1, since f is a linear function on 1r M y 1 , 1 . This provesM
that f is differentiable at x .M 0
 yky1 yk .Now we prove the second part. Let y g M , M with k G 2.
Then by Proposition 2 we get
< <f x q y y f x .  .M 0 M 0
<F a e , . . . , e .1 ky1
` `e ei iky1= f q M y y f M Miykq1 iykq1 /  /M Misk isk
< < ky1 < <q b e , . . . , e M y .1 ky1
< < < <F C a e , . . . , e q b e , . . . , e , .  . .1 ky1 1 ky1
 yky1 yk .where C is a constant independent of y g M , M .
 .By Proposition 4 and the definition of a x , there exists an integer N0
k  .for any e ) 0 such that  e rk G a x y e for all k G N. Then thereis1 i 0
exists a constant C for any e ) 0 such that
< <a e , . . . , e .1 ky1
ky 1 ky1 e ky1y eis1 i is1 i1 y u 1 q u
F = /  /2 M 2 M
  . .   . .k a x ye k 1ya x qe0 0u y 1 u q 1
ykF CM = = , /  /2 2
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and
< <b e , . . . , e .1 ky1
  . .   . .j a x ye j 1ya x qeky1 0 0u y 1 u q 1
yk yk= CM = q CM .  /  /2 2jsN
Then the right local Holder index of f is at leastÈ M
u y 1 u q 1
1 y max 0, a x ln q 1 y a x ln ln M . .  . .0 0 5 /2 2
To estimate the left local Holder index of f , it suffices to estimate theÈ M
Ä Äright local Holder index of f , where f is defined as in the proof ofÈ M M
Theorem 3. Observe that
` `1 e 1 y ei i
2 q y l y s 2 y l q . i iM y 1 M Mis1 is1
 4when e g 0, 1 . Therefore, by the same procedure as the one used to esti-i
mate the right local Holder index of f , we get that the right local HolderÈ ÈM
Ä  .    .index of f at 2 q 1r M y 1 y x is at least 1 y max 0, a xM 0 0
 .   ..  . .. 4 ` iln u y 1 r2 q 1 y a x ln u q 1 r2 rln M , when x s  e rM0 0 is1 i
 4and e g 0, 1 for all i G 1.i
The global Holder index or, simply, the Holder index, of a continuousÈ È
function f is defined as the supremum of a such that
< < < < af x q y y f x F C y .  .
holds for all x, y and a constant C independent of x and y.
THEOREM 5. Let M G 3. Then the Holder index of f is 1 yÈ M
 . .  .ln 1 q u r2 r ln M .
Proof. By Theorem 2 and Propositions 2 and 3, it suffices to prove that
< < < <1y ln1qu .r2.rln Mf x q y y f x F C y .  .M M
holds for all 0 - x - 2rM and 0 - y F 1rM 3. Let k be an integer such
 yky1 yk .  4that y g M , M , and let e g 0, 1, . . . , M y 1 , 1 F i F k y 1, bei
chosen such that
ky1 ky1e e 1i iF x - q . i i ky1M M Mis1 is1
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 .Then by Proposition 4 and 6 , we get
ky1 ei
f x y f . M M i /Mis1
ykqsy1 < < < <g F CM a e , . . . , e q b e , . . . , e .  . .1 sy1 1 sy1
k1 q u
F 2C , 8 . /2 M
where s is defined as the minimal index such that e G 2 if such an ss
exists, otherwise as k, and C is a constant independent of x.
X  4Let e g 0, 1, . . . , M y 1 , 1 F i F k y 1, be chosen such thati
ky1 X ky1 Xe e 1i iF x q y - q . i i ky1M M Mis1 is1
Similarly, there exists a constant C independent of x and y such that
X kky1 e 1 q ui
f x q y y f F C . 9 .  .M M i  / / 2 MMis1
If e s e X holds for all 1 F i F k y 1, then the result follows from thei i
inequality
Xky1 ei
< <f x q y y f x F f x q y y f .  .  . M M M M i /Mis1
ky1 eiq f x y f . . M M i /Mis1
Then the matter reduces to the case e / e X for some 1 F i F k y 1. Ini i
this case, we have ky1 e rM i q 1rM ky1 s ky1 e XrM i. When e G 2,is1 i is1 i 1
we have
Xky1 ky1e ei i yky1f y f F M . M Mi i /  /M Mis1 is1
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Thus it suffices to prove the result when e s 0 or 1. By Proposition 4, we1
get
Xky1 ky1e ei i ykqi y10 < <f y f F CM a e , . . . , e .  M M 1 i y1i i 0 /  /M Mis1 is1
< <q b e , . . . , e . . /1 i y10
k1 q u
F C , 10 . /2 M
where i is the minimal index such that e G 2 if it exists, otherwise0 i y10
 .  .k y 1. Then Theorem 5 follows from 8 ] 10 .
6. LINEAR INDEPENDENCE
We say that a nonzero compactly supported distribution f is locally
linearly independent if, for every open set O, the statement  dk g Z k
 .f x y k s 0 holds on the open set O implies d s 0 for all indices kk
 .which satisfy f ?y k is not identically zero on O. Otherwise we say that f
 .is locally linearly dependent. If the statement  d f x y k s 0 holdsk g Z k
for all real x implies d s 0 for all k g Z, then we say that f is globallyk
linearly independent.
w x  .In 4 , there are examples of solutions of the refinement equations 1
when M s 3, which are globally linearly independent, but locally linearly
dependent. To our surprise, we will show that f is locally linearlyM
dependent when M G 3. When M s 2, it is proved that local linear
independent and global linear independence of compactly supported solu-
tions of refinement equations are equivalent to each other.
THEOREM 6. Let M G 3. Then the scaling function f is globally linearlyM
independent but locally linearly dependent.
Proof. The global linear independence of f follow easily from theM
  . 4  .  .orthonormality of f ?y k ; k g Z , i.e., H f x f x y k dx s d .M R M M k
To prove the local linear dependence of f , it suffices to find an openM
 .  .set O ; 0, 1 nonzero numbers a, b, and c such that f x q j is notM
identically zero on O when j s 0, 1, 2, and
af x q bf x q 1 q cf x q 2 s 0 .  .  .
  . .  .holds on the open set O. Let O s 1rM M y 1 , 1rM , a s 1 y u
 2 .  2 .  .Mr2 q M y 1 r6 / 0, b s M y 1 r6 / 0, c s 1 q u Mr2 q
 2 .  .M y 1 r6 / 0. By the refinement equation 1 and the fact that fM
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w  .xis supported on 0, 2 q 1r M y 1 , we get
1 q u¡
f x s f Mx , .  .M2 M
2 M y 1 q u 2 M y 1 y u~f x q 1 s f Mx q 1 q f Mx , .  .  .M M2 M 2 M
1 y u
f x q 2 s f Mx q 1 , .  .¢ M2 M
  . .when x g 1rM M y 1 , 1rM . Hence
af x q bf x q 1 q cf x q 2 s 0, x g O. .  .  .M M M
 .Now the matter reduces to proving that f x q j is not identically zeroM
 .on O when j s 0, 1, 2. Observe that f x q j , j s 0, 1, 2, is a linearM
 .  .function on O with slope 1 q u r2, yu , u y 1 r2, respectively. Hence
 .f x q j is not identically zero on O for all j s 0, 1, 2.
7. INTERPOLATION
For an L2 closed subspace G of continuous functions on R and a point
w .x g 0, 1 , we say that an interpolation problem at x q Z is well posed if0 0
there exists a constant C such that
1r2
2y1 5 5 < < 5 5C f F f x q k F C f .2 20 /
kgZ
holds for all f g G. We say that a continuous function f is interpolatable
at x q Z if the interpolation problem at x q Z is well posed for the L20 0
  . 4closed space spanned by f ?y k , k g Z . It is proved that a compactly
supported and continuous scaling function f is interpolatable at x q Z if0
and only if there does not exist j g R such that
f x q k eikj s 0. 11 .  . 0
kgZ
 w x .see 12 , for example
For an M-band scaling function f , we haveM
THEOREM 7. Let M G 2. Then f is interpolatable at x q Z if and onlyM 0
1 . w . w .if f x q 1 / , where x g 0, 1 . Moreo¨er, there exists x g 0, 1 suchM 0 0 02
that f is not interpolatable at x q Z, and such x can be chosen asM 0 0
3  .  .y u y 1 r 2 M y 2 when M G 11.2
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w .Proof. Let x g 0, 1 be any point such that f is not interpolatable0 M
 .at x q Z. Then by 11 there exists j g R such that0
eyi jf x q f x q 1 q eijf x q 2 s 0. 12 .  .  .  .0 0 0
 .By Proposition 1, we write 12 as
1 y cos j f x q 1 q cos j s 0, .  .0 f x y f x q 2 sin j s 0. .  . .0 0
1 .It is easy to see that f x q 1 s when sin j s 0. Therefore the proof of0 2
the first part reduces to proving that sin j s 0. In contradiction, we
 .  .assume, sin j / 0. Then f x s f x q 2 . By Proposition 1, we get0 0
¡2f x q f x q 1 s 1 .  .0 0~ 1 y u
2f x q f x q 1 s x , .  . .0 0 0¢2 M y 1 .
 .  .and hence x s 1 y u r 2 M y 2 , which is a contradiction, since x g0 0
w .  .  .0, 1 and 1 y u r 2 M y 2 - 0. This proves sin j s 0 and the first part
of Theorem 7.
 .  .  .By the proof of Proposition 1, we get f 1 s 2 M y 3 q u r 2 M y 2M
 .  .  .) 1 and f 2 s 1 y u r 2 M y 2 - 0. Recall that f is continuousM M
w x w .  .on 1, 2 . Hence there exists x g 0, 1 such that f x q 1 s 1r2 by0 M 0
the mean-value theorem for continuous function. This proves that f isM
not interpolatable at x q Z by the first part.0
By the second formula in Proposition 2, f is a linear function with aM
w  . xslope of y1 on 1 q 1r M y 1 , 2 . Observe that
3 u y 1 1
y G 1 q
2 2 M y 2 M y 1
when M G 11. Hence we get
3 u y 1 3 u y 1 1
f y s f 2 q 2 y q s .M M /2 2 M y 2 2 2 M y 2 2
3  .  .and f is not interpolatable at y u y 1 r 2 M y 2 q Z.M 2
3 11 .  .Observe that y u y 1 r 2 M y 2 s when M s 11. By Theorem2 10
7, we get
1Ä  .  .COROLLARY. Let f x s f 2 q y x . Then the scaling function11 11 10
Ä 11 2 .  ..  .f is a scaling function with a filter 1 y z r11 1 y z y4 q 5z and11
is not interpolatable at Z.
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 . yi kjThe existence of x in Theorem 7 for which  f x q k e s 00 k g Z M 0
for some j g R can be extended to a general compactly supported contin-
uous function.
THEOREM 8. Let f be a compactly supported continuous function. Then
w .  . yi kjthere exist x g 0, 1 and j g R such that  f x q k e s 0. If it is0 k g Z 0
  . 4further assumed that f ?y k ; k g Z is a Riesz basis of the space V0
  . 4 w .spanned by f ?y k ; k g Z , then there exists x g 0, 1 such that the0
interpolation problem at x q Z is not well posed for V .0 0
Proof. Without loss of generality, we assume that f is supported in
w x  .  . yk0, N for some integer N. Define G x, z s  f x q k z . Thenk g Z
 . w xG x, z is a polynomial of z for all x g 0, 1 . In contradiction, if
 . yi kj w x  . f x q k e / 0 holds for all x g 0, 1 and j g R, then G x, zk g Z 0
< <  ./ 0 when z s 1. Denote the cardinality of zero of G x, z , including its
 .  .multiplicity by k x . Then k x is a integer and a continuous function of x
 .  . w xby the Rouche theorem. Therefore we get k x s k 0 for all x g 0, 1 .Â
 .  .  .  .On the other hand, we have G 1, z s zG 0, z and k 1 s k 0 q 1, which
 .  .contradicts k 1 s k 0 . This proves the first part.
 .The second part follows from 11 .
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